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Abstract 

Instabilities of two dimensional (1+1) de Sitter space induced by interacting fields are studied. 
As for the case of flat Minkowski space, several interacting fermion models can be translated into 
free boson ones and vice versa. It is found that interacting fermion theories do not lead to any 
instabilities, while the interacting bosonic sine-Gordon model does lead to a breakdown of de Sitter 
symmetry and to the vanishing of the vacuum expectation value of the S matrix. 
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I. INTRODUCTION 



According to our present understanding and parametrization of cosmology, the universe 
is approaching a state described by a de Sitter metric. Formulating quantum field theory on 
such a metric is, however, problematic [H, |2j . Recently Polyakov jl, 0] made the suggestion 
that interacting fields on such a background induce an instability and the positive curva- 
ture will decay, i.e. these interactions cause massive particle production that ultimately 
neutralizes the cosmological constant responsible for this curvature. In the effects of an 
interacting , massive scalar field were considered to order A^. It was found that the de 
Sitter symmetry is broken and that ln(0|S'|0) develops a large (proportional to the volume 
of space-time) negative real part, signaling a vacuum instability. 

In this work we will study this problem for the case of a (1+1) dimensional de Sitter 
background. In fiat (1+1) Minkowski space there are several interacting theories that can 
be solved exactly. Among these are: (i) the Thirring model jsf, (ii) massless QED j6[, 
and (iii) spin-0 with a sine-Gordon interaction ~ cos(2-y/7r0) . The reason these interacting 
field theories can be solved is that there is an equivalence 0^ wherein spinor fields can 
be written in terms of spin-0 ones and for the cases cited above the interacting theory is 
expressible as a free theory with opposite statistics. 

Such a correspondence between bosonic and fermionic formulations can be extended to 
a background de Sitter space. The two interacting fermion models, (i) and (ii) above, go 
over to free spin-0 theories preserving de Sitter symmetry. No instability of de Sitter space 
is indicated. The case of bosons interacting by a sine-Gordon term, (iii) above, corresponds 
to a free, massive spin-i field theory albeit with a mass term that depends on the de Sitter 
time, thus explicitly breaking de Sitter symmetry. A further analysis of this model shows 
that ln(0|S'|0) has an infinite real part, indicating a vacuum instability. 

In Section [TTl this correspondence between spin-| fermi fields and spin-0 bose ones is 
developed for the case of a background de Sitter space and a "dictionary" for translating 
certain composite operators from one language to the other is set up. in Section IIIII this 
is explicitly applied to the interacting models discussed earlier and the interesting case of 
bosons interacting via a sine-Gordon term is worked out in greater detail in Section IIVI A 
summary and discussion of the main results is given in Section |Vl 



II. BOSON-FERMION CORRESPONDENCE IN (1+1) DE SITTER SPACE 

The procedure for translating the expectation values of products of fermion fields in a 
massless free fermion field theory on a de Sitter space to those of products of bose fields 
in a massless free boson theory on the same space will follow the one presented in ^ for 
Minkowski space. For this purpose it is useful to use planar (or fiat slicing) coordinates [10 
where the expression for the metric is 

ds^ = dt''-e''''dx\ (1) 

and then to transform the above to conformal time 

the relation between t and the conformal time r is —Hr = exp(— ift). The utility of the 
above metric for setting up a boson-fermion correspondence is that the spatial coordinate x 
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ranges over — oo < x < +00; the corresponding conformal time r ranges over —00 < r < 0. 
Fields, propagators and Lagrangians using ([2]) are conformally related to the corresponding 
expressions in flat Minkowski space pJjJ.For fields these conformal transformations are 



<pM ^ <Pds spin ; 

^ i)ds/{HT) spin 1/2: 
A^,-M ^ {HrfA^-ds spin 1 . 



(3) 



The metric tensors implied by <^ are: (70,0 = —9i,i = (Ht)^"^ , Qq^i = with = 
{Ht)'"^; the corresponding zweibeins, e^, which we need for a discussion of the spinor dy- 
namics are; = Ht , e\ = Hr , e° = ej = 0. The connection tensor T ^ = 0. The action for 



a free, neutral, massive scalar field, 0, is 



S'o = - y drdx^/^ i^g^" d^(j)du(j) — rn^ft)^^ ~ 2 I ^'''^^ f"9o09o0 — (9i0(9i0 — ml 



(Hr) 



the one for a free massive spinor ijj is 



(4) 



Si = J drdxyj—g 



drdx 



2Ht 



(Hr) 



(5) 



and the one for a massless vector field A^, in the gauge Ai = 



Si 



drdxy^—F.^Fx.g^'^g'"' 
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drdx^^^idiAoY . 



(6) 



The conformal transformation in (|3]) can be read of from the Lagrangian correspondences 
above. 

Integration by parts permits us to rewrite the the right hand side of (jS]) 



Si 

2 



drdx 



% / — — 1 — \ 



From the above we note that the momentum canonical to ip is 



{Hr) 



(7) 



5Si 
2 



5doip Ht 

implying the equal-r anticommutation relation 



(8) 



(9) 



A. Fermi-bose field correspondence 

The expression for fermi fields in terms of bose ones in Ref. [9|, eq.(3.9), valid for 
Minkowski space together with ([9]) tells us what modification we need to make in order to 
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obtain a similar relation valid for de Sitter space. 



iIji{t,x) = (^-^^^ exp[-iv/vr$+(r,x)] 



ij2{T,x) = f-^^l exp[-iv/7r$_(r,x)] 



(10) 



In the above A is an ultra violet cut-off, 7 = 0.577 ■ ■ ■ is the Euler-Mascheroni constant and 
$± depends on a free massless bose field (/)(r, y), 

$± = r rfye^/^[9,0(r, y) ± 9,0(r, y) ; (11) 
J —00 

i? is a spatial cutoff and the limit i? — )■ 00 will be taken at the end of all calculations. It 
is the factors (iJr)^/^ in front of the identities of (fTOj) that distinguish this fermion -boson 
correspondence from the one in flat Minkowski space. 



B. Composite Operators 

Using (11 01) we obtain directly the translation of fermion mass operators into the language 
of bose fields 

= cos [2V^ / dyey/%, 0(r, y)] , 

7r7 J-00 



(12) 



HtA 

7r7 J-00 



Bearing in mind the caveats expressed in Ref. [9|, it is convenient for comparing boson and 
fermion Lagrangians or actions to set R = 00 and obtain 



= cos 2 ^y IT (J) [T, Xj 



i^lbi^ '■ = i sin 2A/7r0(r, x) 

7r7 



(13) 



Again, it is the extra factors involving the conformal time r that differentiate this correspon- 
dence from the one in fiat space and it is these terms that will be responsible for breaking 
de Sitter symmetry for interacting theories. 

We now turn to current operators. First we note that the Noether current and axial 
current obtained from ([7]) are 

(14) 

1 



This time the extra factors involving r cancel and the correspondence is as in flat space. 



TT 



(15) 
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III. INTERACTING THEORIES CORRESPONDENCE 

We shall look at a class of two dimensional theories that, in one language, bose or fermi, 
have non-trivial interactions, while in the other language are free field theories. These are: 
(i) the Thirring Model, (ii) massless fermion QED and (iii) a sine-Gordon interaction. 

A. Massless Thirring model ^ Free massive boson 

The action for a fermion with a current-current interaction, Thirring model, on a de Sitter 
space is 



'S'Thirring — / cItcIx 



(tp-Todo-ip - doip-foip - ^lidiip + 5i^7iV^) - |(joJo - jxjx , (16) 



2Ht 



which, using f lTSj) is equivalent to a free mass-less bose action with the fermi field -bose field 
identification ( 1T0|) rescaled to 

-^j exp |-zv^ J ^ dyey'^ [9o0//3 ± , (17) 

and /3 = (1 + gj ^\ De Sitter symmetry holds in both formulations. 

B. Massless QED 

With the photon field in the = gauge, the fermi action is 



5'qed = / (^Tdx 



lodoip - doip'joi! - ip^idiijj + (9iV'7iV'J - ejo^o H ^ — (^i^o)^ 



2Ht 



;i8) 



Solving the equation of motion for Aq an using ( !T5|) results in a scalar field action as in (j4]) 
with m2fe = e^/vr. Again, the de Sitter symmetry is valid in both formulations. 



C. Sine-Gordon Interaction 

We consider a cos [icj) interaction with a special value for /3, namely /3 = 2^/^T. 



5'sine-Gordon = \j ^^^^ <9o0(9o0 - - ^^^y COS (2v/vr0) 



(19) 
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Eq. (fT3|) allows us to identify the above with 5*1 of ( [7]) with rrif = gnj /{HtA) . This 
explicit 1/r behavior of the fermion mass breaks de Sitter symmetry. We shall look at this 
case in greater detail in the next section. 



IV. SINE-GORDON INTERACTION 



As was noted in the previous section, the spin-0 sine-Gordon action translates to a free, 
massive spin-i theory, albeit with a mass that depends on the cosmic time. This, by itself, 
indicates a breaking of de Sitter symmetry. In this section we will investigate what effects 
this has on vacuum to vacuum transition amplitudes. 

In the fermionic language the action is 

drdx— [ij-fodoip - ip'^idiip + —ip'foi') - ^JJf^ (20) 

with M related to the strength of the sine-Gordon interaction. In passing we may note that 
an ordinary massive spin-^ mass term will, as in ([7]), will have the mass term divided by 
(Ht)^ rather than {HtY. The vacuum to vacuum amplitude is 

(O,out|0,in) = exptrln(i(^-M/(i7r)3) ; (21) 

to this end we need the eigenvalues of the Dirac operator, with a nonconstant mass term 
$ — M/[Ht)^. If Tp is an eigenfunction of this operator then 75?/' is an eigenfunction of 
—$ — Mj {HtY with the same eigenvalue and we may replace f l22l) with 

(O,out|0,in) = exp ^trln (i$ - M/^Hrf) - M/^Hrf) , (22) 

which requires us to look at the eigenvalues of {i$ — Mj (if r)^^ — Mj (Hr)^^ = d'^ + 
M ^/ (Ht)^ + 3i'yoM/ (H^t^) . After rotating to Euclidian time, r — > Ue we want to determine 
the reality properties of the eigenvalue of the operator (with e*^"^ spatial dependence and 
diagonal 70); 

Aside from the explicit imaginary terms, the real part of the above operator is just a one 
dimensional Schrodinger equation with an attractive potential resulting in an infinite 
number of negative eigenvalues whose logarithms have imaginary parts. The trace in (122|) . 
after rotating to Euclidian time, introduces an other factor of i resulting in an infinite sum 
of real contributions to the exponent in and a vanishing (O,out|0, in) amplitude. 

It is instructive to study the ordinary massive spin-i action in a de Sitter background. 
An noted below eq. fl20|) . terms with {Ht)^ in the previous discussion vary as (Hr)^ for the 
case of an ordinary de Sitter mass term. Following the previous steps results in studying 
the eigenvalues of 

- dl + k^ + M^/{HtEY ± 2M/{HHI) . (24) 

Now the small potential is strongly repulsive. For > M/{2H'^)a the potential develops 
a shallow attractive part resulting in a finite number of negative eigenvalues and a vacuum 
to vacuum amplitude that is finite but less than one. This is a reflection of the thermal 
particle creation for any field in a curved space-time background. 



dl + k^- M^/{HtEf ± 3tM/{H%) . (23) 
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V. SUMMARY 

Even if interacting field theories destabilize an underlying de Sitter space, it is not unrea- 
sonable that such interactions involving only fermions do not break de Sitter symmetry or 
cause the vanishing of (015*10); in (1+1) dimensions fermi fields have fewer infrared patholo- 
gies than bose ones. For the cases studied in this work we found that the completely soluble 
spin- 1 field theories, the Thirring model and massless QED, can be solved by translating 
them to free boson models with standard mass terms. These do not lead to any instabilities. 

On the other hand, starting with an interacting bose field, we found that the equivalent 
fermion field theory is still free, and thus soluble, but with a mass term that breaks de Sitter 
symmetry explicitly in that it behaves as 1/r, with r being the cosmic time. In addition, 
the logarithm of the functional determinant governing the vacuum to vacuum amplitude has 
an infinite number of eigenvalues with imaginary parts resulting in zeros for this amplitude 
analogous to the result obtained in [s!]. 
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